We prove that the Cuntz-Pimsner algebra O E of a vector bundle E of rank f 2 over a compact metrizable space X is determined up to an isomorphism of CðX Þ-algebras by the ideal ð1 À ½EÞK 0 ðX Þ of the K-theory ring K 0 ðX Þ. Moreover, if E and F are vector bundles of rank f 2, then a unital embedding of CðX Þ-algebras O E H O F exists if and only if 1 À ½E is divisible by 1 À ½F in the ring K 0 ðX Þ. We introduce related but more computable K-theory and cohomology invariants for O E and study their completeness. As an application we classify the unital separable continuous fields with fibers isomorphic to the Cuntz algebra O mþ1 over a finite connected CW complex X of dimension d e 2m þ 3 provided that the cohomology of X has no m-torsion. The motivation for this paper comes from an informal question of Cuntz: What are the invariants of E captured by the CðX Þ-algebra O E ? In other words, how are E and F related if there is a CðX Þ-linear Ã-isomorphism O E G O F ? We have shown in [5] that if X
Introduction
Let E A VectðX Þ be a locally trivial complex vector bundle over a compact Hausdor¤ space X . If we endow E with a hermitian metric, then the space GðEÞ of all continuous sections of E becomes a finitely generated projective Hilbert CðX Þ-module whose isomorphism class does not depend on the choice of the metric. Since the action of CðX Þ is central, GðEÞ is naturally a Hilbert CðX Þ-bimodule. Let O E denote the Cuntz-Pimsner algebra associated to GðEÞ as defined in [16] . Since GðEÞ is projective, O E is isomorphic to the Doplicher-Roberts algebra of GðEÞ, see [7] . Let us recall that if E is the Hilbert CðX Þmodule L nf0 GðEÞ nn , then O E is obtained as the quotient of the Toeplitz (or tensor) C Ã -algebra T E generated by the multiplication operators T x : E ! E, T x ðhÞ ¼ x n h, x A GðEÞ, h A E, by the ideal of ''compact operators'' KðEÞ. If X is a point, then E G C n for some n f 1, and O E is isomorphic to the Cuntz algebra O n , with the convention that O 1 ¼ CðTÞ. In the general case, O E is a locally trivial unital CðX Þ-algebra (continuous field) whose fiber at x is isomorphic to the Cuntz algebra O nðxÞ , where nðxÞ is the rank of the fiber E x of E, see [20] , Proposition 2.
has finite covering dimension, then all separable unital CðX Þ-algebras with fibers isomorphic to a fixed Cuntz algebra O n , n f 2, are automatically locally trivial. Thus it is also natural to ask which of these algebras are isomorphic to Cuntz-Pimsner algebras associated to a vector bundle of constant rank n.
If E is a line bundle, then O E is commutative with spectrum homeomorphic to the circle bundle of E, see [19] . One verifies that if E; F A Vect 1 ðX Þ and X is path-connected, then O E G O F as CðX Þ-algebras if and only if E G F or E G F , where F is the conjugate of F , see Proposition 2.2. In view of this property, we shall only consider vector bundles of rank f 2. In the first part of the paper we answer the isomorphism question for O E . LetK K 0 ðX Þ ¼ ker À K 0 ðX Þ À! rank H 0 ðX ; ZÞ Á be the subgroup of K 0 ðX Þ corresponding to elements of virtual rank zero, and set ½Ẽ E :¼ ½E À rankðEÞ AK K 0 ðX Þ. We denote by H Ã ðX ; ZÞ the Č ech cohomology. Using the nilpotency ofK K 0 ðX Þ, we derive the following: is divisible by m n inK K 0 ðX Þ.
In view of Theorem 1.1 it is natural to seek explicit and computable invariants (e.g. characteristic classes) of a vector bundle E that depend only on the principal ideal ð1 À ½EÞK 0 ðX Þ and hence which are invariants of O E .
For each m f 1, consider the sequence of polynomials p n A Z½x, n f 1,
where lðnÞ denotes the least common multiple of the numbers f1; 2; . . . ; ng and the index ½n indicates that the formal series of the natural logarithm is truncated after its nth term. Theorem 1.3. Let X be a finite CW complex of dimension d and let E; F A Vect mþ1 ðX Þ.
For x A R, we set bxc :¼ maxfk A Z : k e xg and dxe :¼ minfk A Z : k f xg. Theorem 1.3 extends to finite dimensional compact metrizable spaces: if n f 1 is an integer such thatK K 0 ðX Þ nþ1 ¼ f0g, then p n ð½Ẽ EÞ À p n ð½F F Þ is divisible by m n inK K 0 ðX Þ whenever O E G O F as CðX Þ-algebras. The same conclusion holds for infinite dimensional spaces X , but in that case n depends on E and F .
Concerning the completeness of the above invariant we have the following: 
The condition that m and bd=2c! are relatively prime is necessary. To show this, we take m ¼ 2 and let X be the complex projective space CP 2 . Then K 0 ðX Þ is isomorphic to the polynomial ring Z½x with x 3 ¼ 0, [11] . Let E and F be bundles with K-theory classes
is not divisible by 4. The vanishing of m-torsion is also necessary in both Theorems 1.3 and 1.4. Indeed, fix m > 2 and let X ¼ Y 4CP 2 , where Y is a two-dimensional space obtained by attaching a disk to a circle by a degree m map. Let E; F A Vect mþ1 ðX Þ be such that F is trivial and ½Ẽ Ej Y ¼ z is the generator ofK K 0 ðY Þ ¼ Z=m and ½Ẽ Ej
Next we exhibit characteristic classes of E which are invariants of O E . For each n f 1, consider the polynomial q n A Z½x 1 ; . . . ; x n : 
The hypotheses of Theorem 1.6 are necessary. Indeed, to see that the condition m f dðd À 3Þ=2e is necessary even in the absence of torsion, we note that Vect 3 ðS 8 Þ ¼ fÃg [5] . To see that the condition on torsion is necessary when m f dðd À 3Þ=2e, we note that if X ¼ RP 2 , then
by [5] .
The study of the map Vect mþ1 ðX Þ ! O mþ1 ðX Þ simplifies considerably if X is a suspension as shown in Theorem 7.1 from Section 7.
In Section 2 we prove Theorems 1.1-1.2. Theorem 1.3 is proved in Section 3 and Theorem 1.4 is proved in Section 6. The proofs of Theorem 1.5 and Theorems 1.6 are given in Section 4 respectively Section 5.
Cuntz-Pimsner algebras come with a natural T-action and hence with a Z-grading. The question studied by Vasselli in [20] of when O E and O F are isomorphic as Z-graded CðX Þ-algebras is not directly related to the questions addressed in this paper. I would like to thank Ezio Vasselli for making me aware of the isomorphism O E G O E for line bundles, see [19] . Thanks are also due to the referee for several useful suggestions.
When is O E isomorphic to O F ?
In this section we prove Theorems 1.1-1.2 and discuss the case of line bundles.
Proof of Theorem 1.1. We identify K 0 À CðX Þ Á with K 0 ðX Þ. Let y E denote the canonical unital inclusion CðX Þ ! O E . By [16] , the K-theory group K 0 ðO E Þ fits into an exact sequence
where 1 À ½E corresponds to the multiplication map by the element 1 À ½E. Therefore kerðy E Þ Ã ¼ ð1 À ½EÞK 0 ðX Þ. Suppose that f : O E ! O F is a CðX Þ-linear unital Ã-homomorphism. Then f y E ¼ y F and hence kerðy E Þ Ã H kerðy F Þ Ã . It follows that ð1 À ½EÞK 0 ðX Þ H ð1 À ½F ÞK 0 ðX Þ and hence 1 À ½E ¼ ð1 À ½F Þh for some h A K 0 ðX Þ. If f is an isomorphism, we deduce similarly that 1 À ½F ¼ ð1 À ½EÞk for some k A K 0 ðX Þ. In that case rankðE x Þ ¼ rankðF x Þ for each x A X and h must have constant virtual rank equal to one.
Conversely, suppose that there is h A K 0 ðX Þ such that ð1 À ½EÞ ¼ ð1 À ½F Þh. Both O E and O F are locally trivial by [20] . Therefore O E n O y G O E and O F n O y G O F by [3] . We are going to show the existence of a unital CðX Þ-linear embedding O E H O F by producing an element w A KK X ðO E ; O F Þ which maps ½1 O E to ½1 O F and then appeal to [13] . If the virtual rank of h is equal to one and hence h is invertible in the ring K 0 ðX Þ, we show that w is a KK X -equivalence and that will imply that O E is isomorphic to O F by the main result of [13] . Since the operation of suspension is an isomorphism in KK X , it su‰ces to show that there is h A KK X ðSO E ; SO F Þ, respectively h A KK X ðSO E ; SO F Þ À1 , such that h ½Sy E ¼ ½Sy F . The latter condition will insure that if w is the element corresponding to h via the isomorphism
Let us recall that the mapping cone of a Ã-homomorphism a : A ! B is
If a is a morphism of continuous CðX Þ-algebras, then the natural extension
where lð f Þ ¼ ð f ; 0Þ and pð f ; aÞ ¼ a, is an extension of continuous CðX Þ-algebras.
Let KKðX Þ denote the additive category with objects separable CðX Þ-algebras and morphisms from A to B given by the group KK X ðA; BÞ. Nest and Meyer have shown that KKðX Þ is a triangulated category [14] . In particular, for any diagram of separable CðX Þalgebras and CðX Þ-linear Ã-homomorphisms
such that the right square commutes in KKðX Þ, there is g A KK X ðC a ; C a 0 Þ that makes the remaining squares commute. If the right square commutes up to homotopy of CðX Þ-linear Ã-homomorphisms, then g can be chosen to be a CðX Þ-linear Ã-homomorphism, see [18] , Proposition 2.9. The general case is proved in a similar way, see [14] , Appendix A. Let us note that if j and c are KK X -equivalences, so is g by the exactness of the Puppe sequence and the five-lemma.
We need another general observation. If
is an extension of separable continuous CðX Þ-algebras, then there is a surjective CðX Þlinear Ã-homomorphism m : C j ! SB=J, mð f ; bÞ ¼ p f , and hence an extension of separable continuous CðX Þ-algebras
If B=J is nuclear, then it is CðX Þ-nuclear, and since CJ is KK X -contractible, it follows that m must be a KK X -equivalence, see [2] .
By [16] , Theorem 4.4 and Lemma 4.7, there is a commutative diagram in KKðX Þ:
where both vertical maps are KK X -equivalences. Here i E is the canonical unital inclusion, ½E is the class in KK X À KðEÞ; CðX Þ Á defined by the bimodule E that implements the strong Morita equivalence between KðEÞ and CðX Þ and ½E is the class in KK X À CðX Þ; CðX Þ Á defined by the finitely generated CðX Þ-module GðEÞ. Note that
Pimsner's statements refer to ordinary KK-theory but his constructions and arguments are natural and preserve the CðX Þstructure.
After tensoring the C Ã -algebras in the above diagram by O y , we can realize ½E À1 and ½id À ½E as KK X classes of CðX Þ-linear Ã-homomorphisms c E and respectively a E . This is easily seen by using the identification KK X À CðX Þ; B Á G KKðC; BÞ for B a CðX Þalgebra and noting that KðEÞ contains a full projection since E is isomorphic to CðX Þ n l 2 ðNÞ by Kuiper's theorem. Thus we obtain a diagram
Note that H is a KK X -equivalence whenever h is invertible in the ring K 0 ðX Þ. Since 1 À ½E ¼ ð1 À ½F Þh by assumption, the diagram
commutes in the category KKðX Þ. The proof of the theorem is based on the following commutative diagram in KKðX Þ: The elements g, g E and g F are constructed as explained above since the category KKðX Þ is triangulated. Moreover, g E and g F are KK X -equivalences since they are induced by the KK X -equivalences i E ; c E and i F , c F . Arguing similarly, we see that g is a KK X -equivalence whenever h is invertible in the ring K 0 ðX Þ. The morphisms m E and m F are associated to the Toeplitz extensions 0 ! KðEÞ ! T E ! O E ! 0 and respectively 0 ! KðFÞ ! T F ! O F ! 0 and they are also KK X -equivalences as we argued earlier in the proof. Let us note that
by a simple direct verification. These two maps correspond to the dotted diagonal arrows in the above diagram. In this way we are able to find an element
such that the following diagram commutes in KKðX Þ:
CðX Þ-algebras by applying Kirchberg's isomorphism theorem [13] . If w is just a KK Xelement which preserves the classes of the units, we invoke again [13] in order to lift w to a unital CðX Þ-linear
ðÀ1Þ kÀ1 m nÀk b kÀ1 . Then ðm þ bÞT n ðbÞ ¼ m n À ðÀbÞ n .
Since ðÀbÞ n h A R nþ1 must vanish, it follows that ða À bÞT n ðbÞ ¼ m n h. Conversely, suppose that ða À bÞT n ðbÞ ¼ m n h for some h A R. Then ða À bÞT n ðbÞðm þ bÞ ¼ m n ðm þ bÞh and hence ða À bÞ
We are now prepared to prove Theorem 1.2.
Proof. Since dimðX Þ e n, we can embed X in R 2nþ1 and then find a decreasing sequence X i of polyhedra whose intersection is X . We haveK K 0 ðX i Þ nþ1 ¼ f0g since dimðX i Þ e 2n þ 1 (see the next section for further discussion). It follows that [19] . One can argue as follows. The conjugate bundle E has the same under-lying real vector bundle as E but with opposite complex structure; the identity map E ! E is conjugate linear. If we endow E with the conjugate hermitian metric, it follows that the identity map is fiberwise norm-preserving and hence it identifies SðEÞ with SðEÞ.
Conversely, suppose that there is a homeomorphism of sphere-bundles f : SðEÞ ! SðF Þ.
By homogeneity, we can extend f to a fiber-preserving homeomorphism F : E ! F such that FðE 0 Þ ¼ F 0 . Let p E : E ! X be the projection map and let i E be the inclusion map ðE; jÞ H ðE; E 0 Þ. Let us recall that the underlying real vector bundle E R has a canonical preferred orientation which yields a Thom class u E A H 2 ðE; E 0 ; ZÞ, see [15] , Chapters 9 and 14. Since X is path connected, Z G H 0 ðX ; ZÞ G H 2 ðE; E 0 ; ZÞ ¼ Zu E by the Thom isomorphism. The first Chern class c 1 ðEÞ is equal to the Euler class
K-theory invariants of O E
In this section we construct a sequence À m n ðEÞ Á n of K-theory invariants of O E . The class of the trivial bundle of rank r is denoted by r A K 0 ðX Þ. All the elements of the ring K K 0 ðX Þ are nilpotent [11] .
Recall that for E A Vect mþ1 ðX Þ we denote by ½Ẽ E theK K 0 ðX Þ-component ½E À ðm þ 1Þ of ½E. We introduce the following equivalence relation onK K 0 ðX Þ: a @ b if and only if Note that with our new notation, Theorem 1.1 shows that O E G O F , ½Ẽ E @ ½F F . In other words, the equivalence class of ½Ẽ E inK K 0 ðX Þ=@ is an invariant of O E . In order to obtain more computable invariants, for each m f 1, we use the sequence of polynomials p n A Z½x introduced in (1). It is immediate that
The first five polynomials in the sequence are:
For any n f 1 there are polynomials u n ; t nþ1 A Z½x; y and v n A Z½x such that each monomial of t nþ1 has total degree f n þ 1 and (i) p n ðx þ yÞ ¼ p n ðxÞ þ p n ðyÞ þ xyu n ðx; yÞ, (ii) p n ðx þ my þ xyÞ ¼ p n ðxÞ þ m n v n ðyÞ þ t nþ1 ðx; yÞ.
Proof. It follows from the binomial formula that for any polynomial p A Z½x with pð0Þ ¼ 0 there is a polynomial u A Z½x; y such that pðx þ yÞ ¼ pðxÞ þ pðyÞ þ xyuðx; yÞ.
This proves (i). Let us now prove (ii). Set V n ðxÞ ¼ P n k¼1 ðÀ1Þ kÀ1 x k =k ¼ logð1 þ xÞ ½n . Then p n ðxÞ ¼ lðnÞm n V n ðx=mÞ. Each monomial in x and y that appears in expansion of the series P kfnþ1 ðÀ1Þ kÀ1 ðx þ y þ xyÞ k =k has total degree f n þ 1. Therefore, the equality of formal series logð1 þ x þ y þ xyÞ ¼ logð1 þ xÞ þ logð1 þ yÞ shows that in the reduced form of the polynomial r nþ1 ðx; yÞ :¼ V n ðx þ y þ xyÞ À V n ðxÞ À V n ðyÞ all the monomials have total degree f n þ 1. It follows that p n ðx þ my þ xyÞ ¼ lðnÞm n V n ðx=m þ y þ x=m Á yÞ ¼ lðnÞm n V n ðx=mÞ þ lðnÞm n V n ðyÞ þ lðnÞm n r nþ1 ðx=m; yÞ ¼ p n ðxÞ þ m n Á v n ðyÞ þ t nþ1 ðx; yÞ;
where t nþ1 ðx; yÞ :¼ lðnÞm n r nþ1 ðx=m; yÞ and v n ðyÞ :¼ lðnÞV n ðyÞ. Since both p n and v n have integer coe‰cients, so must have t nþ1 . r Let X be a finite CW complex of dimension d with skeleton decomposition
Following [1] , we consider the induced filtration of K Ã ðX Þ:
Since the map K 0 ðX 2iþ1 Þ ! K 0 ðX 2i Þ is injective, it follows that K 0 2iþ1 ðX Þ ¼ K 0 2iþ2 ðX Þ. We will only use the even components of this filtration corresponding to K 0 ðX Þ, namely
In particular,K K 0 ðX Þ bd=2cþ1 H K 0 dþ1 ðX Þ and henceK K 0 ðX Þ bd=2cþ1 ¼ f0g. and t nþ1 ðb; hÞ AK K 0 ðX Þ nþ1 H K 0 2nþ2 ðX Þ by (5) . Thus m n ðEÞ À m n ðF Þ ¼ m n p n À v n ðhÞ Á . r
As a corollary we derive Theorem 1.3, restated here as follows:
Corollary 3.4. Let X be a finite CW complex of dimension d and let E; F A Vect mþ1 ðX Þ. If O E G O F as CðX Þ-algebras, then p bd=2c ð½Ẽ EÞ À p bd=2c ð½Ẽ EÞ is divisible by m bd=2c inK K 0 ðX Þ.
Proof. If n f bd=2c, then K 0 2nþ2 ðX Þ ¼ f0g and so p n ðaÞ À p n ðbÞ A m nK K 0 ðX Þ. r Remark 3.5. Let us note that m bd=2c ðEÞ determines m bd=2cþk ðEÞ for k f 1. Indeed, letting n ¼ bd=2c it follows from (3) that m nþk ðEÞ ¼ lðn þ kÞ lðnÞ m k m n ðEÞ sinceK K 0 ðX Þ nþk ¼ f0g. Let us note that m bd=2c ðEÞ is also related to the lower order invariants. Indeed, it follows immediately from (3) and (5) that if 1 e j e bd=2c, then lð jÞ lð j À 1Þ mm jÀ1 ðEÞ ¼ p j; jÀ1 À m j ðEÞ Á ;
where p j; jÀ1 stands for the quotient mapK K 0 ðX Þ=K 0 2jþ2 ðX Þ !K K 0 ðX Þ=K 0 2j ðX Þ. From this, with n ¼ bd=2c, we obtain lðnÞ lðn À jÞ m j m nÀj ðEÞ ¼ p nÀj À m n ðEÞ Á :
Assuming that Tor À K 0 2j ðX Þ=K 0 2jþ2 ðX Þ; Z=m Á ¼ 0 for all j f 1, and that m and bd=2c! are relatively prime, it follows that if m bd=2c ðEÞ À m bd=2c ðF Þ is divisible by m bd=2c , then m j ðEÞ À m j ðF Þ is divisible by m j for all j f 1.
The groupsK K 0 ðX Þ=K 0 2j ðX Þ are homotopy invariants of X , and they are actually independent of the CW structure [1] . Let k j ðX Þ denote the reduced connective K-theory of X and let b : k jþ2 ðX Þ ! k j ðX Þ be the Bott operation. One can identify k 2jþ2 ðX Þ with K 0 ðX ; X 2j Þ in such a way that b corresponds to the map K 0 ðX ; X 2j Þ ! K 0 ðX ; X 2jÀ2 Þ. Thus the image of b jþ1 : k 2jþ2 ðX Þ ! k 0 ðX Þ GK K 0 ðX Þ coincides with K 0 2j ðX Þ, and hence m j ðEÞ can be viewed as an element of k 0 ðX Þ=b jþ1 k 2jþ2 ðX Þ.
Cohomology invariants of O E
Let us recall that V n ðxÞ ¼ logð1 þ xÞ ½n and consider the polynomials
ðÀ1Þ rÀ1 m nÀr n! r x r :
For a polynomial P in variables x 1 ; . . . ; x n , we assign to the variable x k the weight k and denote by Pðx 1 ; . . . ; x n Þ hni the sum of all monomials of P of total weight n. For exam-
Consider the polynomials q n ðx 1 ; . . . ;
ðÀ1Þ rÀ1 m nÀr n! r
ðÀ1Þ rÀ1 m nÀr P k 1 þÁÁÁþk n ¼r;
Thus q n ðx 1 ; . . . ; x n Þ ¼ P
Consider also the polynomials r n obtained from q n by taking m ¼ 1, i.e. r n ðx 1 ; . . . ;
rÀ1 n! r
Lemma 4.1. The polynomials q n ðx 1 ; . . . ; x n Þ and r n ðx 1 ; . . . ; x n Þ have integer coe‰cients.
Proof. We have a factorization
where að j; kÞ ¼ ð jkÞ! ð j!Þ k k! . It follows that the coe‰cient of x k 1 1 Á Á Á x k n n is an integer since it involves a multinomial coe‰cient and numbers að j; kÞ which are easily seen to be integers by using the recurrence formula að j; kÞ ¼ jk À 1 j À 1 að j; k À 1Þ, where að j; 1Þ ¼ 1. r
Let us recall from [11] that the components of the Chern character chðEÞ ¼ P kf0 s k ðEÞ=k! involve integral stable characteristic classes s k , also denoted by ch k . The classes s k have two important properties. If one sets s 0 ðEÞ ¼ rankðEÞ, then for k f 0:
We are now ready to prove Theorem 1.5, restated here for the convenience of the reader: Proof. Multiplying by n!=lðnÞ in Lemma 3.1 (ii), we obtain W n ðy þ mh þ yhÞ À W n ðyÞ ¼ m n n!V n ðhÞ þ n! lðnÞ t nþ1 ðy; hÞ: ð7Þ
Recall that t nþ1 is a polynomial with all monomials of degree at least n þ 1. Let us make in (7) the substitutions
where y k and h k have weight k. With these substitutions we have W n ðyÞ hni ¼ q n ðy 1 ; . . . ; y n Þ; n!V n ðhÞ hni ¼ r n ðh 1 ; . . . ; h n Þ;
whereas n! lðnÞ t nþ1 ðy; hÞ hni ¼ 0. By grouping the terms of y þ mh þ yh of the same weight, we have
and hence W n ðy þ mh þ yhÞ hni ¼ q n y 1 þ mh 1 ; y 2 þ mh 2 þ 2y 1 h 1 ; . . . ; y n þ mh n þ P iþj¼n n! i!j! y i h j :
Thus, the equation W n ðy þ mh þ yhÞ hni À W n ðyÞ hni ¼ n!V n ðhÞ hni implies that q n y 1 þ mh 1 ; y 2 þ mh 2 þ 2y 1 h 1 ; . . . ; y n þ mh n þ P iþj¼n n! i!j! y i h j À q n ðy 1 ; . . . ; y n Þ is equal to m n r n ðh 1 ; . . . ; h n Þ. By expressing s k in terms of Chern classes, we obtain a sequence of characteristic classes of E which are invariants of O E . The first four classes in the sequence are:
(1) _ c c 1 ðEÞ A H 2 ðX ; Z=mÞ,
(2) ðm À 1Þ _ c c 1 ðEÞ 2 À 2m _ c c 2 ðEÞ A H 4 ðX ; Z=m 2 Þ, À c 1 ðLÞ n À c 1 ðL 0 Þ n Á is divisible by m n for all n f 1.
Proof. If L is a line bundle, then s k ðLÞ ¼ c 1 ðLÞ k . Since all monomials of q n have weight n, q n À s 1 ðLÞ; . . . ; s n ðLÞ Á ¼ q n ð1; . . . ; 1Þc 1 ðLÞ n . r
Let us note that there is a more direct way to derive cohomology invariants for O E . Proposition 4.4. Let X be a compact metrizable space. Then s n À p n ð½Ẽ EÞ Á is an element of H 2n ðX ; ZÞ whose image in H 2n ðX ; Z=m n Þ is an invariant of O E , n f 1.
Proof. Suppose that O E G O F as CðX Þ-algebras. Then we saw in the proof of the Theorem 3.3 that p n ð½Ẽ EÞ À p n ð½F F Þ ¼ m n c þ d for some c AK K 0 ðX Þ and d AK K 0 ðX Þ nþ1 . From the multiplicative properties of the s n -classes (6) one deduces that s n vanishes oñ K K 0 ðX Þ nþ1 . Therefore s n À p n ð½Ẽ EÞ Á À s n À p n ð½F F Þ Á ¼ m n s n ðcÞ. r
We note that this is not really a new invariant since it is not hard to prove that s n À p n ð½Ẽ EÞ Á ¼ lðnÞq n À s 1 ðEÞ; . . . ; s n ðEÞ Á :
Theorem 4.2 shows that we can remove the factor lðnÞ and hence obtain a finer invariant.
Proof of Theorem 1.6
Recall that O mþ1 ðX Þ denotes the set of isomorphism classes of unital separable CðX Þalgebras with all fibers isomorphic to O mþ1 . These CðX Þ-algebras are automatically locally trivial if X is finite dimensional.
For a discrete abelian group G and n f 1, let KðG; nÞ be an Eilenberg-MacLane space. It is a connected CW complex Y having just one nontrivial homotopy group p n ðY Þ G G. A KðG; nÞ space is unique up to homotopy equivalence. For a CW complex X , there is an isomorphism H n ðX ; GÞ G ½X ; KðG; nÞ.
Let us recall from [9] that if Y is a connected CW complex with p 1 ðY Þ acting trivially on p n ðY Þ for n f 1, then Y admits a Postnikov tower
Each space Y n carries the homotopy groups of Y up to level n. More precisely, there exist compatible maps Y ! Y n that induce isomorphisms p i ðY Þ ! p i ðY n Þ for i e n and p i ðY n Þ ¼ 0 for i > n. Each map Y n ! Y nÀ1 is a fibration with fiber K À p n ðY Þ; n Á . Thus Y n can be thought of as a twisted product of Y nÀ1 by K À p n ðY Þ; n Á . The space Y is weakly homotopy equivalent to the projective limit lim À Y n . 
The homotopy groups of AutðO mþ1 Þ were computed in [4] . That calculation gives p 2kÀ1 ðY Þ ¼ 0 and p 2k ðY Þ ¼ Z=m, k f 1. Consequently, the Postnikov tower of Y reduces to its even terms
The homotopy sequence of the fibration KðZ=m; 2kÞ ! Y 2k ! Y 2kÀ2 gives for all choices of the base points an exact sequence of sets:
This shows that j½X ; Y 2k j e j½X ; Y 2kÀ2 j Á jH 2k ðX ; Z=mÞj: Proof. Using the exact sequence for Tor, we observe first that TorðR 1 =R k ; Z=mÞ ¼ 0 for all k f 1 and hence if h A R satisfies mh A R k for some k, then h A R k . Using the exact sequences
. . . ; a n Þ ¼ a 1 þ Á Á Á þ a n . To prove the proposition, it su‰ces to show that h induces a bijection of h :
First we verify that h is injective. Let a k ; b k A A k , 1 e k e n, and assume that
We must show that a k ¼ b k for all k. Set r k ¼ a k þ Á Á Á þ a n and
and hence a 1 À b 1 À mh 1 A R 2 . Therefore p 1 ða 1 Þ ¼ p 1 ðb 1 Þ and so a 1 ¼ b 1 . Arguing by induction, suppose that we have shown that a i ¼ b i for all i e k À 1. Set w ¼ a 1 þ Á Á Á þ a kÀ1 . By assumption, w þ r k @ w þ s k and hence there is h A R 1 such that
Let us notice that if h A R i for some i e k À 1, then equation (8) shows that
This shows that p k ða k Þ ¼ p k ðb k Þ and hence a k ¼ b k .
It remains to verify that h is surjective. In other words, for any given x 1 A R 1 we must find a k A A k , 1 e k e n, such that x 1 @ a 1 þ Á Á Á þ a n . We do this by induction, showing that for each k f 1 there exist a i A A i , 1 e i e k, and x kþ1 A R kþ1 such that
and observe that x nþ1 ¼ 0 since R nþ1 ¼ f0g.
By the definition of A 1 , there is a 1 A A 1 such that p 1 ða 1 Þ ¼ p 1 ðx 1 Þ A R 1 =R 2 n Z=m. Therefore there exist h 1 A R 1 and y 2 A R 2 such that a 1 ¼ x 1 þ mh 1 þ y 2 . Setting
Suppose now that we found a i A A i , 1 e i e k À 1, and x k A R k such that
Let a k A A k be such that p k ða k Þ ¼ p k ðx k Þ. Then there exist h k A R k and y kþ1 A R kþ1 such that a k ¼ x k þ mh k þ y kþ1 . Thus Proof. Part (ii) is already contained in Theorem 1.1, but we state it again nevertheless since a new proof of the implication ð1 À ½EÞK K 0 ðX Þ ¼ ð1 À ½F ÞK K 0 ðX Þ ) O E G O F is given here under the assumptions from the statement of the theorem. Recall that we defined an equivalence relation onK K 0 ðX Þ by a @ b if and only if a ¼ b þ mh þ bh for some h AK K 0 ðX Þ. Let g : Vect mþ1 ðX Þ !K K 0 ðX Þ=@ be the map which takes E to the equivalence class of ½Ẽ E ¼ ½E À m À 1. We saw in Section 3 that 1 À ½E ¼ ð1 À ½F Þk for some ? ỹ K K 0 ðX Þ=@ w À À À À À is commutative. Let us note that in order to prove the parts (i), (ii) and (iii) of the theorem it su‰ces to verify the following four conditions:
for some h nþ1 A R since m is relatively prime to lðn þ 1Þ. We must have that in fact h nþ1 A R nþ1 since TorðR=R nþ1 ; Z=mÞ ¼ 0 and hence bh nþ1 ¼ 0. It follows that a @ b since we can now rewrite a ¼ b þ mh þ bh þ r nþ1 as a ¼ b þ mðh þ h nþ1 Þ þ bðh þ h nþ1 Þ. r
We are now in a position to prove Theorem 1.4.
Proof of Theorem 1.4. By Theorem 1.1, it su‰ces to show that ½Ẽ E @ ½F F whenever p bd=2c ð½Ẽ EÞ À p bd=2c ð½F F Þ is divisible by m bd=2c . We have seen in the proof of Theorem 5.3 that Tor À H Ã ðX ; ZÞ; Z=m Á ¼ 0 implies Tor À K 0 2q ðX Þ=K 0 2qþ2 ðX Þ; Z=m
Therefore the desired implication follows from Lemma 6.1 applied to the ringK K 0 ðX Þ filtered as in (4) with n ¼ bd=2c. r
Suspensions
In this final part of the paper we study O mþ1 ðSX Þ and the image of the map VectðSX Þ ! O mþ1 ðSX Þ. We shall use the universal coe‰cient exact sequence
where b is the Bockstein operation and r is induced by the coe‰cient map r. Proof. Part (i) is proved in [5] . We revisit the argument from [5] as it is needed for the proof of the other two parts of Theorem 7.1. Let v 1 ; . . . ; v mþ1 be the canonical generators of O mþ1 . There is a natural map g 0 : AutðO mþ1 Þ ! UðO mþ1 Þ which maps an automorphism j to the unitary P mþ1 j¼1 jðv j Þv Ã j . We showed in [5] , Theorem 7.4, that the map g 0 induces a bijection of homotopy classes ½X ; AutðO mþ1 Þ ! ½X ; UðO mþ1 Þ. By [17] , there is a Ã-isomorphism n : O mþ1 ! M mþ1 ðO mþ1 Þ:
We have bijections O mþ1 ðSX Þ G ½SX ; B AutðO mþ1 Þ G ½X ; AutðO mþ1 Þ and
The composition of these maps defines the bijection g from (i). We are now prepared to prove (ii) and (iii). Consider the monomorphism of groups a : Uðm þ 1Þ ! AutðO mþ1 Þ introduced in [8] . If u A Uðm þ 1Þ has components u ij , then a u ðv j Þ ¼ P mþ1 i¼1 u ij v i . The map a induces a map BUðm þ 1Þ ! B AutðO mþ1 Þ which in its turn induces the natural map a Ã : Vect mþ1 ðY Þ ! O mþ1 ðY Þ that we are studying. Let h be the composition of the maps from the diagram Uðm þ 1Þ ! a AutðO mþ1 Þ ! g 0 UðO mþ1 Þ ! n U À M mþ1 ðO mþ1 Þ Á :
An easy calculation shows that hðuÞ ¼ P It follows that there is a unitary w A M mþ1 ðO mþ1 Þ such that whðaÞw Ã ¼ a n 1 O mþ1 , for all a A M mþ1 ðCÞ. This implies that h will induce the coe‰cient map r : K 1 ðX Þ ! K 1 ðX ; Z=mÞ.
We obtain a commutative diagram 
